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XIII. 

ON EEAL ORTHOGONAL SUBSTITUTION. 

By Henry Tabkr, Clark University. 

Presented April 12, 1893. 

§ 1. Real Proper Orthogonal Matrices. 

1. In a paper to appear in a forthcoming number of the " Quarterly 
Journal of Mathematics " I have shown that, if <j> is any real proper 
orthogonal matrix, then, for a proper choice of the real skew sym- 
metric matrix 6, we may put <j> = e e , where e e denotes the exponential 

series % r — , which is convergent for any matrix. This theorem was 

published in these Proceedings, Vol. XXVI. It follows immediately 
from this theorem that any real orthogonal matrix whatever is given 
by the expression 

Vl + Y/ ' 

for a proper choice of the real skew symmetric matrix Y and of the 
matrix o> whose constituents are all zero except those in the principal 
diagonal which are severally equal to ± 1. The second factor in the 
above expression is the square of Cayley's expression for an orthogo- 
nal matrix. 

If the determinant of the orthogonal matrix is equal to unity, we 
may put a> = 1 ; if the determinant is equal to — 1, and if at the 
same time unity is a latent root of even multiplicity,* we may put 
0) = -1. 

I shall show in this section that, as a consequence of the exponential 
representation of real proper orthogonal matrices, any such matrix 
may be represented by the square of Cayley's expression ; and in § 2 
it will be shown that the general theorem given above follows as a 
consequence of the theorem just stated. 

* If unity is not a latent root of the orthogonal matrix, its multiplicity is 
zero. 
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2. Let <£ be a real proper orthogonal matrix, then by the theorem 
above referred to we may put 

<S> = e», 

where is a real skew symmetric matrix. 

Since 6 is skew symmetric, its latent roots occur in pairs opposite 
in sign ; that is, if H is a latent root of 0, then — H is also a latent 
root of 6 having the same multiplicity as IT; since 6 is skew sym- 
metric and real, its latent roots are purely imaginary.* 

It may be that among the latent roots of 6 are integer multiples 
of 2 7r V— 1 ; in this case a real skew symmetric matrix X can 
always be found of which no integer multiple of 2 ir <s/— 1 is a latent 
root, and such that 

4 = e° = A 

Thus, let the latent roots of be given by the following schedule : 



Latent root, 
Multiplicity, 

Latent root, 
Multiplicity, 



A = 

± K V~i 



±^+iV-i 



±htV~l 



m. 



■f+i 



± K V- 1, 



in which »!« denotes the multiplicity of the latent root ho = 0, m x de- 
notes the multiplicity of each of the latent roots ± h x \/ — 1, etc. 
Let h lt h 2 , ... h^, be integer multiples of 2 it, and A M+1 , . . . h v , any 
real quantities other than integer multiples of 2 tt. Since is real, 
its identical equation is then, if m :t 0, 

F(6) =6(8* + V) (f + V) • • • • (0 2 + h v *) = O.f 
Let x be any scalar, and let /""J a: a,ndf^(x) be defined as follows: 

J r \ x -h r v-y K x - h r v- v x = h r v- 1, 

r(x) = ( F (*)_ \ : ( m \ 

J r \e + h r V- V \x + h r \/-l J x = -h r V- 1, 



* Proc. Lond. Math. Soc, Vol. XXII. p. 453. 
t Ibid., p. 462. 
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for r = 0, 1, 2, p, v. Since f™ (x) =ff (x), either of these 

two functions may be denoted simply by/ (a;). We then have 

/.(*) +f?W +f?W + /?(«) +/? (*) = ij 

for p = 1, 2, and r = 0, 1, 2 ft, v ; 

for p, q = 1, 2, and r, s = 0, 1, 2, ft, v, but rts; and 

tr./ o (0)=/ o (tr.0) 

= /o(-«) 

= /«(«). 

= /?(-*) 

= /!■», 

for r = 1, 2, 3 p, .... v. We also have 

e = 0./ (6) + h V~lf? 6 - h x V=lf? + .... 

+ K V~if? (0) - K V=l/f (&) ; 

therefore, if f(&) denotes any polynomial in powers of or conver- 
gent power series in 6, 

f(0) =/0 .f (6) +f(k 1 V=l)f?(0) +f(-h 1 V~l)f?(0) 

+ ....+ f(h v V~Vf? (0) +/(- K V~l)ff (9). 
Thus 

4, = e» = e°f (6) + e^f? (ff) + r^f? (6) + .... 

+ e^-^ff (6) + e-^-'ff (6). 

From the relations given above between the functions with the same 
subscript it is evident that this matrix is orthogonal. 
Let now 
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= o (/„ m +/* 11 (&) +/t (0)+.... +/< u (?) +r: (e)) 

+ h, +1 V^I/^Vi (fi) - *m + i V=T/:' +1 («) + ••■ . 

+ A r V :r l/™(fl)-Ar.V=l/?W. 

The matrix r is then skew symmetric, and its latent roots are 0, 

±V + iV- 1) etc.; 0i is moreover real, since f™ +l Q —fj? +1 (0), 

fv+viQ) ~ft\i^)' etc -> are P ure 'y imaginary scalar multiples of 
real matrices. We also have 

<j> = e e = e\ 

If m = 0, that is, if zero is not a latent root of 6, we may proceed 
in a precisely similar way to find the matrix Q x . 

3. Since no integer multiple of 2 ir \/— 1, other than zero, is a 

latent root of $ u hence it follows that no odd multiple of it V— 1 is a 

q 
latent root of -^ ; therefore, the matrix 

h 
f = e 2 

has no latent root equal to — 1. For the latent roots of \j> are con- 
tained in the expression e", for H equal successively to the distinct 
latent roots of V 
We have 

^ = («*) = e 9 = <f>. 

Since 6 t is real, ^ is real ; and ij/ is orthogonal, for we have 

h ?x 
\\i . tr. if/ = e* . e te - * 



= 1. 
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Since — 1 is not a latent root of i//, 

U | = i. 

ft / ft\ 2 ft 

Or, since e* is orthogonal, and \e*J = e 5 , therefore, 

i I I a I I A |2 

| ^r I = | e* I = I %* I = 1. 

Therefore, every real proper orthogonal matrix has among its 
square roots one or more real proper orthogonal matrices of which 
—1 is not a latent root. 

4. Since 

I "A + 1 |*0, 
we may put 

l + f' 
in which case Y will he real, and we shall have 

1 — tr../r 1 — ^r- 1 d/—l 
1 + tr.^ l + f~ l tjf+1 ' 

and also 

1— Y 



T 1 + Y 
Therefore, we may put 

* = *■ = G-fD*. 

for a proper choice of the skew symmetric matrix Y. 

§ 2. Real Improper Orthogonal Matrices. 

5. If * is a real improper orthogonal matrix of which unity is a 
latent root of even multiplicity,* it is the negative of a real proper 
orthogonal matrix ; therefore by (4) we may put 



— G-i-3' 



+ 

for a proper choice of the real skew symmetric matrix Y. 



* This includes the case in which unity is not a latent root of * ; the multi- 
plicity of unity is then zero. 



OF ARTS AND SCIENCES. 217 

6. Let <I> be any real improper orthogonal matrix. Then if <a 
denotes a matrix whose determinant is equal to — 1, and whose con- 
stituents are all zero except those in the principal diagonal which are 
severally equal to ± 1, the matrix 

is a real proper orthogonal matrix. For 

C^> <j) = <j> to . ft) <£ 

= 3>ft> 2 $ 
= ** 
= l. 

Moreover, 

| * | = | co I . I * I = 1. 

Therefore, we may put 

* M + 

for a proper choice of the real skew symmetric matrix Y. Whence, 
since co 2 = 1, we derive 



/l— Y\ 2 
U + YJ 



* = «* = «(f + ^) 
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Note on Imaginary Orthogonal Matrices. 

Let <£ be an imaginary proper orthogonal matrix whose. distinct 
latent roots are 1, — 1, g, g~ x \ and let the rational integral function 
of <j> of lowest order that vanishes be 

(4> - 1)» (0 + 1) ft - g)» (<f> - tr 1 )"- 
Let 

[-(-i-im-^-im-Csr 1 -!)"? 

_ K4> +i)-a + i)r [(<*> + 1) - (g + 1)? [(* + 1) - dr 1 + i)r 

r [(4>-<7) p -(i -sOT [(t-ffY- (- 1 -.9)"] K4>-9Y-(r l -9YY . 
" \.-Q—gY!Tl-(-i-9Y\l-(r 1 -9YY 

let 2) be obtained from G by interchanging g and (j -1 in the expres- 
sion for G. Then 

A + B+ G + D = 1; 

J. 2 = ^, jB 2 = j3, C 2 = C, 2^ = 2), 

J5=5^ = ^O=(7J = .... = 0, 

(that is, all binary products formed from two different letters vanish) ; 

tr.A = A, tt.B=B > tr. C=Z>, tr. D = G. 
Moreover, 

(^-lf-'itO, (<f> - l) m A = 0, 

(* + 1) 29 = o, 

(^-< / y- 1 0*o, y>- g yo = o, 

(* - ^r- 1 )"- 1 2) * 0, (<£- «r>) p -0=0. 

I find that the matrix B is separable into a sum of two matrices, 
2? t and 2? 2 , such that 

2V = A, 2^ 2 = 5 2 , 

tr. Z? 2 = Bi, 

ByB* = B i B 1 = 0* 

* The products of B x and B 2 by or into either of the letters A, C, or D also 
vanish. Thus, 

{B 1 + B 2 )A = BA - 0; 

.\B 1 A = B t (B x + B 2 ) A = 0. 
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If now 



■/, = [1 + Cl <£ - 1 + c 2 4> - V + . . . . + c, n _ x (<£ - 1)— *] A 

+ ,. + ^(^r> +( ^[i^(t^) f 

where 1, c„ c 2 , etc. denote the coefficients of x in the expansion by the 
binomial theorem of (1 + x)i ; then —1 will not be a latent root of tj/, 
and we shall have 

^ = <£, 
xj/ . tr. ij, = 1. 

Therefore, proceeding as in (4), it may be shown that we have 

^ = \1 + Y/ 

for a proper choice of the skew symmetric matrix Y. 

This proof may be extended to any imaginary proper orthogonal 
matrix for which the nullity of <j> + 1 is equal to the multiplicity of 
the latent root — 1. 

For any matrix <f> whose determinant does not vanish (that is, of 

which zero is not a latent root), a matrix ■& can always be found such 

that 

<£ = e». 

Let & be determined by Sylvester's formula as a finite polynomial 
in powers of cf> ; thus let 

We then have 

tr.fl- = /(tr.<j!>); 

whence, if <£ is orthogonal, it follows that 

& . tr. & = tr. # . &. 



Let 



# + tr. & & — tr. & 

S = 0oj ■ o — - = 0; 
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from the preceding equation it follows that 

Go . 6 = . ; 
therefore 

tf> = e& =■ e*o + * = e^oe*. 

Since # is symmetric, e e » is symmetric. We have 

(e»«y = e 2 »o = e »+tr.* - e * . e tr.# = ^ . tr . ^ _ i . 

therefore, the first factor in the above expression for <f> is a symmetric 
square root of unity, that is, is a symmetric orthogonal matrix. Since 
is skew symmetric, e e is a proper orthogonal matrix. Moreover, e 9 
can be represented by the square of Cayley's expression. For, if no 

integer multiple of 2 it V — 1 is a latent root of 0, e 2 " can be repre- 
sented by Cayley's expression ; if, on the contrary, there are integer 
multiples of 2 tt •\/— 1 among the latent roots of 6, a skew symmetric 
matrix 6 lt can always be found of which no integer multiple of 2 it V — 1 
is a latent root, and such that 

Therefore, in either case the theorem is true. 
May 1, 1893. 
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Note on Symmetric Orthogonal Matrices. 

Every symmetric orthogonal matrix is a symmetric square root of 
unity, and therefore, if <£> is a symmetric orthogonal matrix, an or- 
thogonal matrix w can always be found to satisfy the equation 



in which to is a matrix whose constituents are all zero except those in 
the principal diagonal which are severally equal to ± 1. 

If <£ is real, sr may be taken real, and hence it follows from the 
theorems of § 1 and § 2 that, for a proper choice of the real skew sym- 
metric matrix Y, and of <o' a matrix similar to <o, we may put 

CT = (rT^) <0 '- 

Therefore, 

t = (^p...,(^'=(i^y.(i±i)-. 

August 17, 1893. 



